Percent-level measurements of the comoving baryon acoustic scale standard ruler can be used to break degeneracies in parameter constraints from the CMB alone. The sound horizon at the epoch of baryon drag is often used as a proxy for the scale of the peak in the matter density correlation function, and can conveniently be calculated quickly for different cosmological models. However, the measurements are not directly constraining this scale, but rather a measurement of the full correlation function, which depends on the detailed evolution through decoupling. We assess the level of reliability of parameter constraints based on a simple approximation of the acoustic scale compared to a more direct determination from the full numerical two-point correlation function. Using a five-parameter fitting technique similar to recent BAO data analyses, we find that for standard ΛCDM models and extensions with massive neutrinos and additional relativistic degrees of freedom, the approximation is at better than 0.15% for most parameter combinations varying over reasonable ranges.
I. INTRODUCTION
Observations of the microwave background and largescale structure can be used to measure a variety of cosmological parameters. With accurate measurements of the distance-redshift relation, we can also start to probe the nature of dark energy. One of the cleanest probes of this is the baryon acoustic oscillation (BAO) signal imprinted in the power spectrum of the large-scale clustering of galaxies (see Ref. [1] for a review).
The scale of acoustic oscillations in the CMB has now been measured to 0.1% [2] , and large-scale galaxy surveys have now been able to measure BAO and hence the baryon acoustic scale at lower redshift to approximately 1% [3] . A combination of these data gives a powerful probe of cosmological parameters, constraining both early and late-universe physics, geometry, and evolution. Parameters which are subject to the geometric degeneracy (such as dark energy, curvature, and light massive neutrinos) when measured from the single source-plane CMB can be constrained much better using BAO, and hence our current best knowledge of these and other parameters critically depends on a reliable physical interpretation of the baryon acoustic scale.
The aim of this paper is to test to what level the standard proxy for the acoustic scale measured in the correlation function of galaxies is accurate, justifying the use of this approximation in extended cosmological models, for example in the analysis of BAO measurements combined with Planck [2] . Our analysis is especially timely because the renewed interest in extended neutrino models as a possible way of partially reconciling some of the apparent conflicts between existing data in the ΛCDM model, and using cosmology to tightly constrain possible solutions to neutrino reactor anomalies [4] [5] [6] [7] [8] [9] [10] . Models with additional relativistic degrees of freedom typically * URL: http://cosmologist.info significantly modify the expansion history and evolution before recombination, and hence potentially significantly modifying the shape of the matter correlation function compared to the standard assumption of ΛCDM. If the simple acoustic scale approximation starts to break down, a more complete direct analysis of the correlation function data would likely be required.
In Sec. II we start by a review of the baryon acoustic scale, how it can be defined and related to measurements of galaxy clustering. Sec. III then describes how we test the acoustic scale approximation by comparing constraints obtained directly from the correlation function to those obtained using the approximation. We only aim to test the accuracy of theoretical modelling, and hence consider simplified and idealized data. This should be sufficient to test whether the single acoustic scale number is sufficient to accurately capture the parameter dependence of the shape of the correlation function when fit with a scaling parameter (as in recent BAO measurements). Finally in Sec. IV we give results for various parameter variations of standard and extended cosmological models, and end with our conclusions.
II. THE BARYON ACOUSTIC SCALE
In the pre-recombination plasma, Thomson scattering kept the photons and baryons coupled together. Acoustic oscillations in the photon-baryon fluid imprint the acoustic oscillations observed in the CMB power spectra, as well as a smaller acoustic oscillation in the distribution of the total matter density after recombination due to the oscillations imprinted in the baryon component. The distance that the photon-baryon acoustic wave can travel (sound horizon) at the time of photon decoupling defines the scale of acoustic oscillations seen in the CMB power spectra. Since there are far more photons than baryons, after photon decoupling the photons continued to drag baryons with them slightly longer into the Compton drag epoch. The sound horizon when the baryons stop being dragged around by the photons therefore roughly defines is fixed at its fiducial value, and only one cosmological parameter is varied at a time, except in the last plot where Ωc and Ων are simultaneously varied to keep (Ωc + Ων )h 2 fixed at 0.1196. Apart from the fourth (in which only mν is varied) and last plots, the total neutrino mass is fixed at zero. Note that in general both the shape and peak position change. the baryon acoustic scale, which is slightly larger than the sound horizon seen in the CMB.
From a theoretical model, the baryon acoustic scale is usually defined as the comoving sound horizon at the baryon drag epoch, r d ≡ r s (z drag ), where z drag is the redshift at which the baryon velocity decouples from the photons. The sound horizon can be calculated by integrating the speed of the photon-baryon fluid,
where R is given in terms of the baryon density ρ b and photon density ρ γ by R ≡ 3ρ b /(4ρ γ ) and η is the conformal time. After z drag the baryon perturbations stop undergoing acoustic oscillations and start to grow with the dark matter perturbations, but the process of decoupling is in reality gradual, so z drag is defined to be an indicative central value where τ d ∼ 1, where [11] 
Here τ is the Thomson optical depth from recombination (without reionization) and η 0 the conformal time today. For a given set of cosmological parameters, and model for the recombination history, r d can be calculated quickly numerically in terms of background quantities, and is a standard output of camb [12] . For standard cosmological parameters r d can be predicted quite accurately using approximate fitting functions [13] , however for precision measurements, and generality in extended models, we use a direct numerical calculation as in most recent analyses.
Observationally, the baryon acoustic scale is the comoving scale corresponding to the position of the peak of the density correlation function, which can (indirectly) be measured from observations of galaxy clustering. The full density correlation function can be predicted accurately using linear perturbation theory. However due to issues of bias, non-linearities and observational complications, it cannot easily be measured directly in galaxy surveys. However the position of the peak of the correlation function is thought to be much more robust, and therefore a powerful probe of the underlying cosmological model [14, 15] . In practice, comoving distances cannot be observed directly (only angular scales and redshifts), so the observed angular correlation function at redshift z is related to the underlying comoving acoustic scale by the comoving angular diameter distance (1 + z)D A (z) (for perturbations orthogonal to the line of sight), and the Hubble parameter H(z) (for perturbations along the line of sight). A spherically averaged distance D V (z) is often defined by
though it is now becoming possible to place constraints on the radial and transverse parts separately [3] . The background functions D A (z), H(z) and D V (z) can be calculated easily from a given cosmological model, so the observed scale of the peak in the correlation function measures the parameter combination r d /D V (z) (and equivalently for the radial and transfer components if they are resolved separately; we use this particular combination as a concrete example below). Often r d is considered to be accurately known by fits to CMB observa-tions, in which case most of the information is about the late-time geometry. However in models with extra relativistic degrees of freedom (for example, sterile neutrinos), massive neutrinos, or other extensions of the ΛCDM model, r d can also vary, and it is important to account for the model dependence of both parts of the ratio [16] .
An optimal analysis of galaxy clustering data would model the full shape dependence of the correlation function, marginalizing appropriately over uncertainties in the bias, non-linearities and observational systematics, and determine parameter constraints directly from the theoretically predicted density correlation function in different models. A 'BAO-only' measurement attempts to abstract from such an analysis a measured peak correlation scale which can then be used as a kind of radical data compression when comparing with theoretical models, which is simple to interpret independently of the underlying modelling assumptions. There is however considerable freedom in how precisely the scale of the peak of the correlation function is defined from observed galaxy data. To be specific we follow Refs. [3, 17, 18] , defining a scale parameter α by fitting the galaxy data (power spectrum or two-point correlation) relative to some scaled fiducial cosmological prediction with the assumption that
The proportionality constant is to be determined from the fiducial model. The fitting of the redshift-space two-point correlations ξ(x i )'s is done by minimizing
whereξ is a vector of the observed galaxy correlation function estimates for bins centred at x i , ξ fit consists of the values of a fitting function at the bin centres, and C is the covariance matrix that specifies the error model associated withξ. Recent BAO data analyses from the clustering of galaxies [3] put five parameters in the fitting function, chosen to be in the form of
where ξ f (x) is an appropriate fiducial template correlation function, B 2 is a constant that accounts for an overall bias, and
The smoothly-varying A(x) function (with three free parameters, a 1 , a 2 and a 3 ) accounts for the unknown overall shape of the galaxy correlation, and is intended to remove most of the dependence on the unknown scaledependence of the bias and non-linear physics. The assumption (4) relates the acoustic scale to the quantity actually gained from measurements, the value of the scale dilation parameter α that minimizes the χ 2 . Extensive tests have investigated the reliability of this kind of procedure from the data side in simple models (e.g. Ref. [19] ). In this paper, we assess the accuracy of the assumed theoretical r d dependence of Eq. (4) across different extended cosmological models.
Examples of how the two-point density correlation functions change with cosmological parameters are shown in Fig. 1 . Previous cosmological analyses, including the main Planck cosmological parameter analysis [2] , have assumed that the parameter dependence of r d accurately models the change in peak position as reported from the data via the α scale parameter as defined above. Although it is clearly qualitatively correct, with precision now reaching the sub-percent level, it is not immediately obvious to what level of accuracy this assumption is valid, and at what point a more detailed modelling of the change of correlation function shape will be required; answering these questions is the purpose of this paper.
III. METHODOLOGY
We now outline our procedure for testing whether using the observed acoustic scale parameter α with a numerical calculation of r d for each cosmological model accurately recovers the parameter dependence of the underlying data. Rather than being specific to a particular data set, we use fake 'data' generated with different underlying cosmological parameters, with a fixed error model that approximates the error model of recent BAO results.
Measurements of the acoustic scale can be made at different redshifts, and the effective distance D V (z) for each redshift bin around an effective redshiftz can easily be computed from Eq. (3). Here we are not concerned by the late-time geometry dependence of the result, and instead focus on whether the parameters that affect the acoustic scale at recombination are being adequately modelled. We therefore focus on a single fiducial redshift, and expect our conclusions to be very independent of that assumption because the shape of the correlation function in comoving distance is nearly constant long after recombination when it is observed.
Specifically
For various different theoretical models we make a fake data vectorξ, and then fit a fiducial-model correlation function ξ f (x) scaled by α as in Eq. (6). The best-fit value of alpha in each model gives the estimater d of the value of the acoustic scale r d in that model, which we then compare to the true value. By 'simple' we mean that inputs for Eqs. (5) and (6) are provided as follows:
1. The components ofξ for each cosmological model are given by a numerical evaluation of the two-point correlation function
where P g (k) is a simplistic model of the theoretical galaxy power spectrum described further below, j 0 (kx) is the zeroth-order spherical Bessel function, and x i is the bin centre. To avoid having to do many simulations we fix the data points to their expected values, with no scatter.
2. The template function is chosen to be the full numerical ξ fid (x) constructed from P g,f (k) of the fiducial model. The quantity α fid in Eq. (8) consequently becomes unity as it results from fitting ξ fid (x) against a binned version of itself.
3. The covariance matrix is fixed for all cosmological models, and is estimated using the binned Gaussian covariance matrix derived in Ref. [17] :
where
is the first-order spherical Bessel function, x i,1 is the left edge of the bin at centre x i , x i,2 is the right edge, V is the comoving volume of the survey from which the matter density data is obtained, P c (k) is an appropriate form of the power spectrum that captures observational variance information (redshift-space distortions, etc), and N is the shot-noise error from finite galaxy density.
4. P c (k) is chosen simply to be the fiducial-model power spectrum P g,f (k), and N the linear Poisson shot-noise without z dependence, which is equal to the inverse of the number density of galaxies in the survey [20] . This means that deviation from an ideal observation is only minimally represented, and hence the test is free from the particulars of how the noise, redshift-space distortions, and so on are modelled.
For each fake data vectorξ, the bin centres x i are chosen similarly to Ref. [3] , with the range (30 < x < 200)h −1 Mpc divided into 22 bins of width 7.73h −1 Mpc. For the fit ξ fit , we extend the distance range of the fiducial correlation function to (10 < x < 300)h −1 Mpc to accommodate the variation of α during minimization (confined to the range 0.6 < α < 1.4). The scaled fiducial correlation function is evaluated at the position of the bin centres by interpolation; see Fig. 2 for what some typical fake 'data' looks like.
For all correlation functions and C ij , we use a simple model for the galaxy power spectrum P g (k) in the form
where P (k) is the theoretical matter power spectrum from camb. The multiplicative constant b 2 accounts for the large-scale bias, and the Gaussian damping term helps numerical convergence of the Bessel transform to the correlation function. The bias b 2 is chosen to be 4, which does not affect the acoustic scale [21] since its effect on the fitting can be absorbed by the fitting parameter B. Choosing a = 1h −1 Mpc is sufficiently below the scale of interest that the acoustic peak of ξ(x) is not significantly affected by the damping.
For the fiducial cosmology we choose Ω b h 2 = 0.02207, Ω c h 2 = 0.1196, Ω K = 0, m ν = 0 eV, H 0 = 67.4 km s −1 Mpc −1 , and Ω m = 0.311859, for which camb gives r d,fid = 147.56 Mpc. To calculate the comoving volume in the covariance matrix, we also need to specify the redshift range of the galaxy survey data, and the sky coverage of the survey (if not full-sky). Together with the background number density of galaxies, we have three survey-specific numbers entering the test via our assumed covariance matrix. We choose them to be those of a recent baryon oscillation spectroscopic survey of galaxies [3] , with 0.15 < z < 0.7, 8377 deg 2 coverage, and 1009172 galaxies. With these numbers, the comoving volume given our fiducial cosmology is 4.45h −3 Gpc 3 and consequently N is 4407h −3 Mpc 3 . By having ξ fid (x) as the template function parameterized as in Eq. (6), it may happen that χ 2 is minimized with the fitting function being essentially A(x), with B 2 taking a very small value. To prevent this, a Gaussian prior is put on log(B 2 ) with a mean of 0 and standard deviation of 0.4, following Ref. [17] . This has a negligible effect on the minimization for models reasonably close to the fiducial model.
We comparer d from Eq. (8) The ranges chosen are motivated by 95% limits from Planck (though here we do not vary other parameters along CMB degeneracy directions, so for fixed values of other parameters the range is significantly broader than allowed by Planck ). The range of extended neutrino parameters is motivated by the range that may conceivably be relevant for combined fits with other data. The curvature parameter Ω K is expected to have only a very small effect on r d since it only has a significant effect on the evolution of the universe at late times, and we can check that this is indeed the case.
IV. RESULTS
Fig . 3 shows the variation of χ 2 used for the optimization of α as various parameters are varied, with ∆χ
min . Using the best-fit value of α for each model, Fig. 4 shows the corresponding approximation for the acoustic scaler d calculated assuming r d ∝ 1/α from Eq. (8), compared to exact r d . This shows that as expected the approximation is correctly capturing the main change in the acoustic scale. In more detail, Fig. 4 shows the percentage error compared to the exact result, which shows that overall the approximation is accurate to within about 0.15% for our reasonably broad ranges of cosmological parameters. This is below the current accuracy of the measurement of the comoving BAO acoustic scale, which is at approximately the 1% level [3] , though not by a large factor.
In all cases, A(x) is close to zero throughout the fitting range. Setting it to zero only negligibly affects the results. On the other hand, B 2 is not always close to one in some of the cases (varying m ν , varying Ω c h 2 , and varying both the temperature and mass of one type of massive sterile neutrinos). The amplitude of the BAO peak given by a particular model can be different to that of the template ξ f (x), and the B 2 amplitude parameter is then indispensable.
We briefly comment on the accuracy of the approximation in the various cases as follows.
A. ΛCDM parameters
As shown in Fig. 1, varying Ω b , Ω c , and Ω K within the range of the Planck error bars does not move the models very far away from the fiducial one. The sound horizon remains accurately at the fiducial value regardless of change in Ω K , as expected. For Ω b ± 2σ and Ω c ± 2σ, the approximation is very accurate (within 0.03%).
B. Extra relativistic energy density
The Standard Model has three flavours of active neutrinos, giving the effective number of massless neutrinos N eff = 3.046 [22] . The possible presence of additional massless sterile neutrinos is usually quantified by the change in the effective number given by ∆N eff . The first plot of Fig. 4 shows that the acoustic scale approximation is still robust to 0.15% accuracy as ∆N eff is varied, up to even ∆N eff ≈ 2, which is well outside the range constrained by Planck and lensing observations [6, 23] .
C. Massive neutrinos
As neutrino data from various sources have now confirmed that neutrinos are in fact not massless [24] , it is more important to look at the response of r d as m ν changes. With N eff fixed at 3.046, the second plot in Fig. 4 shows that the fitting approximation is accurate to within 0.15% up to large masses.
At late time of cosmic evolution, cold dark matter behaves like massive neutrinos. We therefore also explore the accuracy of the assumption were the universe composed of less cold dark matter but more massive neutrinos. We fix (Ω c + Ω ν )h 2 at the fiducial value of Ω c h 2 , and find that the approximation is still accurate to within 0.1%, as shown by the third plot of Fig. 4 , even with large values of m ν . Sterile neutrinos, if present, may also be massive, and this possibility has attracted significant attention recently as a possible way to reduce some of the tensions between different datasets. Fig. 5 shows the accuracy of the acoustic scale approximation when both ∆N eff and m ν are varied to allow for the possibility of one type of massive sterile neutrinos; this shows that the approximation is still accurate to within about 0.4%, within a range much broader than proposed values constrained by Planck , lensing and cluster observations [6, 23] .
V. CONCLUSIONS
We have shown that the comoving sound horizon at the baryon-drag epoch, fit from data by a simple scaling from a fiducial model, can be accurately modelled using a numerical calculation of the acoustic scale r d . Given reasonable ranges of values of cosmological parameters, the agreement is within 0.15%, which is sufficient for current observations. This validates results obtained in extended models when combining CMB, BAO and other data using the simple acoustic scale approximation as implemented for example in CosmoMC [25] and used for example by Refs. [2, [4] [5] [6] 10] . Wider parameter variations give worse agreement, but even in a relatively extreme cases, such as the standard model with a high density of massive sterile neutrinos, the accuracy should still be well within a percent, demonstrating good tolerance of the assumption (4). As emphasized by Ref. [16] , for results to be valid it is important to model the cosmological param- eter dependence of r d (which has previously sometimes been neglected entirely), but a fast numerical calculation is sufficient for a good correspondence with a much more time consuming full correlation function fitting procedure Future observations will continue to improve the accuracy of BAO measurements, as surveys measure larger areas to greater depth, and analysis methods improve. Although our results are based on comparison to fits with the accuracy of current data, the acoustic scale approximation is sufficiently accurate that it is likely to remain valid for most extended models in the immediate future, as BAO measurements carried out by, for example, eBOSS, DES, HETDEX, and WFIRST will still be in the percent-level regime [26] [27] [28] . The accuracy of Euclid is expected to be within 0.4% in many bins between 0.7 ≤ z ≤ 1.7 [29] , and LSST within 0.5% in ten bins between 0.3 ≤ z ≤ 3 [30] , so ultimately accuracy of ∼ 0.1% may be required when the full combined redshift range is considered. However by the time sub-percent-level measurements are available, cosmological parameters, especially those related to neutrinos, will probably have already been further constrained to a relatively small region of parameter space, and the assumption (4) is likely to remain valid within that range, but will require further validation.
As precision increases errors in the fitting approximation may become more important, and will need to be tested using the error model and fitting procedure used at the time. It is also be possible to use more information, rather than compressing the observed correlation down into just a few acoustic scale measurements. In principle, the fitting procedure for non-linearities, bias and systematics could easily be incorporated into an MCMC analysis, where parameters are sampled for each cosmological model under consideration. By varying the priors on the model, this can be made similar to the acoustic scale fitting procedure when the priors are very broad and conservative, but could extract more information from the power spectrum shape if more effects can be modelled robustly, giving more restrictive priors and less residual freedom in the fitting functions (e.g. see Ref. [31, 32] ). 
